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Instabilities developing in a conguration constituted by an elastic plate clamped behind
a rigid cylinder are analysed in this paper. The interaction between the wake ow
generated by the cylinder with the elastic plate leads to self-developing vortex-induced
vibrations. Depending of the stiness of the elastic plate, the plate may oscillate about
a non-deviated or a deviated mean transverse position. After having presented non-
linear results computed with time-marching simulations, the instabilities are analysed
in terms of a fully coupled uid-structure eigenvalue analysis. We show that the linear
stability analysis is able to predict the unstable regions, and provide a good prediction
of the unstable vibration frequencies. The mean deviation is characterized by a steady
divergence mode in the eigenvalue spectrum, while unstable, unsteady vortex-induced
vibration modes show lock-in phenomena.
Key words: uid-structure interaction, linear stability analysis, Arbitrary-Lagrangian-
Eulerian method
1. Introduction
Passive appendages are commonly used devices for controlling the wake ow past
blu-bodies (Kwon & Choi 1996) that is often characterized by the unsteady shedding
of vortices Non-proled obstacles come indeed very often with an unsteady vortex wake,
provoked by instabilities generated by the shear layers in the vicinity of the detachment
points. Because unsteady wakes generate unsteady forces that may cause the structure
to vibrate in a way that we do not wish, many studies have focused in the past on control
devices aiming at attenuating vortex shedding. Among many proposed options, passive
appendages on the form of splitter plates placed behind the obstacle were proposed.
When light materials are used for the splitter plate, it may also deform, in such a
way that a dynamic coupling between the wake dynamics and the elasticity of the
plate occurs. These uid-solid couplings may invalidate control strategies designed by
assuming the rigid plate, but could also be used to recover energy from the vibrations
of the plate (Abdelke 2016). In both cases, it is benecial to better understand this
dynamic so as to design optimized devices.
We focus here on the case of an elastic splitter plate of length L attached behind a
circular cylinder of diameter D, with L=D = 2. The eect of such appendage on the
† Email address for correspondence: jean-lou.pster@onera.fr
2 J.-L. Pfister and O. Marquet
ow dynamics was already studied by assuming a rigid plate, both experimentally, with
numerical simulations but also with linear stability analyses. Experiments conducted
at Reynolds numbers between 5 103 and 5 104 by Roshko (1954), Apelt & West
(1974) and Cimbala & Garg (1991) showed for instance that when the splitter plate is
rigid and has a length L that is greater than 5D, where D is the diameter of the
cylinder, then the vortex shedding completely disappears and the drag is signicantly
reduced. This observation has also been reproduced numerically by Kwon & Choi (1996)
at lower Reynolds numbers between 80 and 160. Studing the eect of dual rigid splitter
plates clamped behind a cylinder Wang et al. (2019) showed for instance that the critical
Reynolds number | computed with a global hydrodynamic linear stability analysis (Sipp
& Lebedev 2007) | increases linearly with the length of the plate.
Moving now to the exible case, many studies focused on rigid splitter plates mounted
on a freely rotatable cylinder (Xu et al. 1990; Kwon & Choi 1996; Lu et al. 2016). The
case with a exible splitter plate has been studied primarily by means of soap-lm (Jia
& Yin 2009) and wind-tunnel (Gomes et al. 2011; De Nayer et al. 2014; Kim et al. 2017)
experiments, or by non-linear uid-structure computations (Turek & Hron 2006; Gomes
et al. 2011; Lee & You 2013; Shukla et al. 2013).
When the plate is suciently exible, an oscillatory deformation induced by the wake
ow develops in the appendage, that can in return signicantly aect the ow, and thus
further modify the vortex shedding mechanisms on the form of vortex-induced vibrations
(Williamson & Govardhan 2004) that alter the vibration frequencies and amplitudes
in a non-trivial way. For instance, added-mass eects (de Langre 2008) slow down the
vibration frequencies of the plate immersed in the uid compared to that in absence
of uid, while lock-in phenomena may signicantly alter the evolution of vibration
frequencies when the parameters are varied (Furquan & Mittal 2015). By variing the
stiness of the splitter plate, as will be done in the present study, it is also observed
that vibration frequencies and amplitudes vary non-linearly (Lee & You 2013; Shukla
et al. 2013), showing the complexity of the interaction. Using numerical simulations at
a Reynolds number of 150 and plate lengths between D and 3D, Wu et al. (2014)
observed drag-reductions as well as a damping of the unsteady aerodynamic forces
compared to the rigid case, showing that exibility may even enhance the stabilizing
eect of splitter plates. On the other hand, a new striking eect also appears because
of the exibility, that of symmetry-breaking reconfiguration, which occurs in addition to
the vortex-induced vibrations. For some parameters, the conguration where the mean
position of the splitter plate remains aligned with the mean ow is unstable, and the
observed conguration is that of an oscillation about a deviated mean position. For
the case of a rigid splitter plate mounted on a freely rotatable cylinder, this deviation
was rst observed experimentally by Cimbala et al. (1988), Cimbala & Garg (1991) at
Reynolds numbers between 5  103 and 2  104, Cimbala & Chen (1994), and more
recently by Gu et al. (2012) in wind tunnel experiments in a range of Reynolds number
from 3  104 to 6  104. On the other hand, Xu et al. (1990) conducted numerical
simulations in a Reynolds number range 1   100 and plate lengths between 0:5 and 2.
They found that above a critical Reynolds number that depends on the ratio L=D, a
symmetry-breaking bifurcation appears and the splitter plate migrates to an asymmetric
equilibrium position where the total moment M() as a function of the deviation
angle  is zero. A semi-empirical expression for the moment M() was given by Lacis
et al. (2014), who then constructed a model of the deviation in terms of an \inverse-
pendulum instability". This model could then reproduce the deviations observed in
soap-lm experiments as well as numerical simulations, but requires to evaluate several
adjustments parameters. Spontaneous deviations have also been observed with exible
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splitter plates. Time-marching simulations conducted by Bagheri et al. (2012) at a
Reynolds number of 100 showed spontaneous deviations of a exible lament hinged
behind a xed cylinder for lengths smaller than about twice the cylinder's diameter.
Deviations were also observed by Wu et al. (2014) who conducted time-marching
simulations of a spring-mounted cylinder with a hinged lament and varied the length
and the stiness. A characterization of this observed uid-solid instability is however
still lacking, which is one objective of this paper.
The coupled uid-solid dynamics of the cylinder-splitter plate dynamics were inves-
tigated numerically primarily using time-dependent non-linear simulations. Depending
on the parameters (typically the Reynolds number, the density ratio between the solid
and the uid, the exibility and the length of the plate), dierent regimes are observed
non-linearly. At suciently high Reynolds numbers and low exibility, vibrations are
observed in the plate and a vortex wake sets in downstream to the obstacle. If these
unsteady simulations provide the limit-cycles and the associated non-linear features such
as the vibration amplitudes, they provide only a limited overview of the underlying
destabilization mechanisms at play. Furthermore, the high computational cost (which
increases all the more as the mass ratio is close to unity) prevents from obtaining a
comprehensive characterization of the regions where unsteady oscillations occur, since
each point in the parameter space requires a lot of numerical eort to be characterized.
This pushes for using a linearised, faster approach, that in addition gives the linear
modes of instability. Linear uid-solid analyses have been already used in the past to
study for instance the interaction between a viscous uid and a rigid free-falling or
spring-mounted solid (Cossu & Morino 2000; Mittal & Singh 2005; Tchoufag et al.
2014), or the interaction between an inviscid ow model and a exible solid (Shoele
& Mittal 2016). Fewer approaches have considered the interaction between a viscous ow
and a fully deformable solid. The linearisation of the uid-solid interface coupling in
a viscous-elastic context is indeed not trivial, which pushed for adopting approximate
models. Recently though, Goza et al. (2018) proposed a linearised approach based on
a fully coupled immersed-boundary formulation coupling the Navier-Stokes equations
to an elasticity equation. Using this method, they could compute global modes of an
inverted ag conguration. Another approach was recently proposed by Pster et al.
(2019), who presented a linear eigenvalue analysis based on the fully coupled Arbitrary-
Lagrangian Eulerian (ALE) formulation of the general uid-elastic equations. Compared
to formulations based on immersed boundaries, the ALE approach has the advantage of
preserving an high-quality description of the uid-solid conform interface, at the price
of having to consider an arbitrary extension operator for propagating the solid interface
deformations onto the uid domain. We consider in this paper the latter eigenvalue
analysis.
The cylinder-exible splitter plate is analysed here in the context of both non-linear
simulations and the linear stability analysis proposed by Pster et al. (2019). After having
presented the formalism used throughout the study, results of non-linear simulations
performed by variing the rigidity of the plate are presented. Then, a linear stability
analysis of the stationary uid-structure equilibrium is performed in the range of stiness
investigated previously. The dierent linear, coupled uid-solid modes are analysed into
details. Eventually, the results of the linear stability analysis are compared with that of
the non-linear simulations.
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Figure 1. Sketch of the elastic plate (gray) clamped on the rigid cylinder (white) and immersed
in a uniform ow eld (blue arrows). Lengths and velocity are made non-dimensional using the
inlet velocity and the cylinder's diameter.
2. Nonlinear and linearized Arbitrary-Lagrangian-Eulerian
formulations
The uid-structure conguration investigated here is in an elastic plate of length L
and thickness H that is clamped on the rear side of a rigid circular cylinder of diameter
D. In the rest of the paper, the non-dimensional length and thickness of the plate are
set to L=D = 2 and H=D = 0:06, as shown in gure 1. The rigid cylinder's boundary
is denoted  r, while the uid-elastic boundary, denoted   , deforms under the action of
the incoming uniform ow eld of velocity U1, imposed at the inlet of the domain. We
assume that the viscous ow of density f and dynamic viscosity 

f is incompressible,
and that the solid and uid have the same density, i.e. s = 

f . The homogeneous,
isotropic solid is characterized by its Young modulus Es and Poisson coecient s. This
uid-elastic conguration is governed by four non-dimensional parameters, dened here
with D and U1 as characteristic length and velocity. The Reynolds number, the density
ratio and the non-dimensional Young modulus are dened as follows:
Re = 

f U

1D

f
; Ms = 

s
f
; and Es = E

s
f (U1)2
:
The Reynolds number is xed to Re = 80, the density ratio is taken as Ms = 1, the
Poisson coecient is s = 0:35 while the non-dimensional Young modulus will be varied
in the range 2 102 6 Es 6 2 105.
2.1. Arbitrary Lagrangian-Eulerian formulation
Classically, the motion of an elastic solid is described in a Lagrangian framework, while
the motion of the uid is described in an Eulerian framework resulting to the classical
formulation of the Navier-Stokes equations. To describe their mutual interaction, we
adopt here an Arbitrary Lagrangian-Eulerian formulation (Hughes et al. 1981; Donea
et al. 2004) of the governing non-linear equations, that allows for a conformal description
of the uid-elastic interface and ensures that both the velocity and normal stresses are
continuous across the interface.
The position of any material point ~xt in the deformed solid domain ~
t is identied with
respect to its position x in a reference solid conguration 
s using the displacement eld
(x; t) = ~xt(x; t) x. To obtain a conformal description of the uid-solid interface   , an
extension eld e, dened in the reference uid domain 
f , is introduced to smoothly
extend the interface solid displacement j  into the uid domain. Thus, there exists a
one-to-one continuous mapping between any positions in the xed and deformed uid
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and solid domains, i.e.
~xt =
{
x+ e(x; t) x 2 
f
x+ (x; t) x 2 
s
: (2.1)
A natural choice for the reference conguration is the spatial domain occupied by the
structure (and the uid) when no external stresses are applied on the structure. This
is the so-called stress-free reference conguration, shown in gure 1, and chosen here to
dene 
s and 
f . In the reference conguration, the non-linear equations governing the
solid and uid motions are
Ms @us
@t
 ∇  (F ()S()) = 0 in 
s; (2.2)
@
@t
  us = 0 in 
s; (2.3)
J(e)
@u
@t
∣∣∣∣
x
+ (∇u(e)) (u w) ∇ (u; p; e) = 0 in 
f ; (2.4)
 ∇  ((e)u) = 0 in 
f ; (2.5)
u  us = 0 on  ; (2.6)
(u; p; e)n = F ()S()n on  : (2.7)
Equations (2.2) and (2.3) describe the temporal evolution of the solid displacement | the
second equation dening the solid velocity us as the time derivative of the displacement.
For a Saint-Venant Kirchho solid, the second Piola-Kirchho stress tensor S in equation
(2.2) depends on the Green-Lagrange strain tensor E as
S() =
Es
1 + s
{
s
1  2s tr(E())I +E()
}
; E() =
1
2
(
F ()TF ()  I) ; (2.8)
where the deformation gradient is F () = I +∇. Equations (2.4) and (2.5) are the
non-conservative ALE formulation of the Navier-Stokes equations (Le Tallec & Mouro
2001) that govern the velocity u(x; t) and pressure p(x; t) elds dened in the reference
domain 
f . In comparison with the standard formulation of the Navier-Stokes equations,
the mapping (2.1) introduces new geometric operators in both momentum (2.4) and mass
(2.5) conservation equations: the deformation operator (e) = J(e)F (e)
 1 and the
Jacobian of the deformation gradient J(e) = det(F (e)), with F (e) = I +∇e. The
determinant J is a scalar eld measuring the local volume deformation between the
actual and reference conguration, while the deformation operator  expresses how an
innitesimal surface in the instantaneous conguration is transformed in the reference
conguration (Aris 1989). Note that in the present two-dimensional conguration,  is
an ane operator in a Cartesian frame, while there is a quadratic non-linearity for three-
dimensional congurations. In the momentum equation (2.4), w = @te is the velocity of
the extension displacement, that modies the convective velocity (u w) . The uid stress
tensor  is dened in the reference conguration as (u; p; e) = (u; p; e)(e)
T,
where  is the Cauchy stress tensor expressed back in the reference conguration, and
therefore depending on the geometric operators as (u; p; e) =  p I + 2=ReD(u; e),
where D is the viscous dissipation tensor that writes as
D(u; e) =
1
2
1
J(e)
(
(∇u)(e) +(e)T(∇u)T
)
: (2.9)
Finally, equation (2.6) expresses the continuity of uid and solid velocities at the interface
  , while equation (2.7) expresses the continuity of the uid and solid stresses.
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To close the set of equations (2.2)-(2.7), an additional equation governing the extension
displacement e is introduced to smoothly propagate the solid displacement at the uid-
structure boundary into the uid domain. The choice of this equation is arbitrary and
we choose here a weighted Laplace equation (Stein et al. 2003), namely
 ∇  (h(x)re) = 0 in 
e;
e(x; t)  (x; t) = 0 on  ;
e(x; t) = 0 on @
e n  ;
(2.10)
where h(x) is a pseudo-stiness eld, dened as the squared inverse of the local mesh
size. Note that this equation is dened in an extension domain 
e enclosed into (but not
necessarily equivalent with) the uid domain 
f . Those elements are dened later, in
§3.1 describing in more details the numerical methods.
Following Lesoinne & Farhat (1993), the uid-structure problem is recast in the form
of a three-elds monolithic formulation. The variable qs = (;us) gathers the solid
displacement and velocity elds. The variable qf = (u; p;) gathers the uid velocity
u and pressure p, as well as a Lagrange multiplier . This variable is introduced in
the discrete problem to weakly enforce the velocity continuity condition (2.6) at the
uid-slid interface. As explained in Deparis et al. (2016); Pster et al. (2019), it also
allows to satisfy the stress interface condition (2.7), as it represents by construction
the interface stresses. Finally, the extension variable qe = (e;e) gathers the extension
displacement and a second Lagrange multiplier, denoted e, that is introduced to enforce
the displacement continuity condition in the arbitrary equation (2.10). The three-elds
monolithic formulation is then the evolution equation of the variable q =
(
qs; qe; qf
)T
:
B(q)
@q
@t
= A(q) (2.11)
where the block uid-structure operators B and A are dened by the following abstract
expressions:
B(q) =
Bs 0 00 0 0
0  Bfe(qf ; qe) Bf (qe)
 ; A(q) =
 As(qs) + IfsT qf Ae qe + Ies qs
Ifs qs + Af (qf ; qe)
 : (2.12)
The variational formulation corresponding to the above operators is reported in Appendix
A. In the above block notation, the rst line refers to the solid problem, that is rst-
order in time because qs contains both the solid displacement and displacement velocity.
It is forced by the uid loads that appear under the form of Ifs
T qf . The second
line corresponds to the extension problem. This is a static problem that is entirely
subordinated to the solid interface displacement Ies qs. Finally, the last line corresponds
to the Navier-Stokes equations, written in the reference conguration: for that reason,
each dierential operator depends on the extension eld qe, while the velocity coupling
with the solid appears on the form of the term Ifs qs. Note that because of the use of the
Lagrangian multiplier , the interface stress coupling is enforced implicitly and does not
appear in (2.12).
2.2. Stability analysis with a linearized ALE formulation
We are interested in analyzing the linear stability of time-independent (steady) solu-
tions of the fully-coupled uid-structure problem (2.11). While the linearization of the
hydrodynamic equations in a xed domain is straightforward, the linearization of the
ALE formulation is tedious. We briey introduce the linear uid-structure equations
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recently derived by Pster et al. (2019) in a compact operator notation and we refer to
this paper for more details. Explicit formulas are also reported in Appendix A. Fluid-
structure solutions are decomposed as
q(x; t) = Q(x) + " q(x)et; (2.13)
the sum of steady solutionsQ(x) and innitesimal perturbations (" 1) that are further
decomposed in the form of global modes (Sipp et al. 2010). The complex scalar  =
r + ii allows to describe entirely the temporal (exponential) evolution of the complex
spatial vector q(x). The real part r indicates the growth (r > 0) or decay (r < 0) of
modes, while the imaginary part i gives their oscillation frequency. Injecting the above
decomposition into the non-linear unsteady equation (2.11) gives, at leading order, the
steady non-linear equation written in the reference conguration
A(Q) = 0: (2.14)
Solving this equation allows, in particular, to determine the displacement/deformation of
the structureQs induced by the steady uid loads. At order , we obtain that the complex
scalar  and vectors q = [qs; q

e; q

f ]
T are eigenvalues and eigenvectors, respectively, of
the generalized eigenvalue problem
B(Q) q = A0(Q) q; (2.15)
where the left-hand side operator B, already dened in equation (2.12), is here evaluated
for the steady solution Q, and the right-hand side operator A0 is the tangent operator
deduced from A, computed about the steady state, that writes as follows:
A0(Q) =

A0s(Qs) 0 Ifs
T
Ies  Ae 0
Ifs A0fe(Qe;Qf )A
0
f (Qe;Qf )

: (2.16)
The linearised operators A0s and A0f are obtained by linearization of the non-linear oper-
ators As (Saint-Venant Kirchho solid) and Af (Navier-Stokes equations written in the
stress-free reference conguration), respectively. In particular, A0f (Qe;Qf ) corresponds
to the linearised Navier-Stokes equations (with respect to the velocity/pressure) in the
stress-free reference conguration that thus depend on the extension steady variable Qe.
The shape derivative operator A0fe(Qe;Qf ) represents the inuence of the variations of
the domain on the uid momentum and continuity equations. The analytical expression
of all these linear operators may be determined after a few tedious calculations (recall
that each dierential operator in the Navier-Stokes equations depend on the extension
displacement eld) and is reported in Appendix A. Note that similar expressions are
used in the design of implicit, strongly coupled uid-structure solvers (Fernandez &
Moubachir 2005; Richter 2017).
The linear stability of an elastic structure immersed in an incompressible ow is fully
determined by computing the leading eigenvalues/eigenvector of (2.15). However, to
better understand the physical eect at play in the interaction between the uid and
structure perturbations, we will also consider two simplied eigenvalue problems ob-
tained by making assumptions on the uid-structure interaction. In the rst assumption,
the uid ow is purely neglected and the stability analysis, detailed in §2.2.1, allows
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to investigate small vibrations of an elastic solid in a quiescent uid. In the second
assumption, the time scale of the uid-structure instability is slow compared to that of
a pure uid problem, allowing to reduce the block formulation of the eigenvalue problem
to a solid vibration eigenvalue problem where the uid eect is taken into account with
added-mass, added-damping and added-stiness operators. This quasi-static approach is
detailed in §2.2.2. These simplied approaches will be applied to the elastic splitter plate
in §5.
2.2.1. Quiescent-fluid stability analysis
In this analysis, the steady uid ow is neglected and we investigate small vibrations of
an elastic solid in a quiescent uid. The only remaining eect in the uid-solid coupling
is that of the momentum transport caused by small movements close to the vibrating
solid. In absence of viscosity, the uid eect can be reduced to an inertia coecient
often referred to as an added-mass coecient, whose main eect is to lower the vibrating
frequency of the structure (de Langre 2002), as it would be in absence of uid (in vacuum).
For viscous ows, the transport of momentum perturbation being delayed in time as it
propagates in space, the eect is more complex and cannot be reduced to a simple
added-mass coecient (Maxey & Riley 1983). Thanks to the fully coupled perturbation
formulation introduced in the previous paragraph, it is possible to take into account that
viscous eect, by simply computing the uid-solid modes of the eigenvalue problem (2.15)
with Q =
[
Qf ;Qs;Qe
]T
= 0 in the linear operators (2.12) and (2.16). In that case, the
shape derivative operators are identically zero, i.e Bfe(0;0) = 0 and A0fe(0;0) = 0, and
the (second) equation governing the extension perturbation Qe is decoupled from the
others. The eigenvalue problem thus reduces to an interaction between the uid and
solid perturbation components, i.e.

(
Bs 0
0 Bf (0)
)(
qs
qf
)
=
(
A0s(0) Ifs
T
Ifs A0f (0;0)
)(
qs
qf
)
; (2.17)
where the left-hand side operator is a block diagonal operator with the solid and uid
mass operators. In the right-hand side operator, A0s(0) is the linear elasticity operator
and A0f (0;0) corresponds to the Stokes operator. By neglecting the viscous diusion in
that Stokes operator, we would recover the purely added-mass eect. This analysis will
be applied in §5 to analyze the high-frequency modes of the elastic splitter plate.
2.2.2. Quasi-static stability analysis
In the quasi-static stability analysis, the uid and extension variables are rst elimi-
nated from the block formulation (2.15) of the fully coupled eigenvalue problem, so as to
obtain the following equation for the solid displacement ◦(
2Ms + EsK 0(Qs)
)
◦ = Asfs(;Qe;Qf ) 
◦: (2.18)
The solid velocity has also been eliminated so as to recover (in the left-hand side)
the operator governing solid free-vibration problem, with the solid acceleration term
2Ms ◦ and the elastic operator K 0(Qs) linearised around the deformed solid state Qs.
The detailed expressions of these operators are reported in Appendix A. In the above
formulation, the action of the uid on the solid dynamics is entirely contained in the
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right-hand side "solid-to-uid-to-solid" operator
Asfs(;Qe;Qf ) =
1
Ms If
T︸︷︷︸
(3)
(
Bf (Qe)  A0f (Qf ;Qe)
) 1
︸ ︷︷ ︸
(2)
   
(
 If +
(
Bfe(Qf ;Qe) + A
0
fe(Qf ;Qe)
)
Ae 1Ie
)
︸ ︷︷ ︸
(1)
(2.19)
that represents how a linear solid deformation inuences back the solid modal problem
after having "travelled" in the uid. Indeed, in the rst term (1) acting onto the solid
displacement ◦, the operator Ae 1Ie propagates the solid deformation into the uid
domain, while Bfe+A0fe evaluate into what forcing of the uid momentum and continuity
equation this domain deformation results. And the operator  If extracts the solid
velocity at the interface. The output of the operator (1) is therefore the volumic and
boundary forcing of the uid induced by the solid deformation. The second term (2) is the
uid resolvent operator that propagates and amplify this forcing into a uid perturbation.
Finally, the last term (3) extracts the constraints exerted by the uid onto the solid at
the uid-solid interface. In the limitMs ! +1, i.e. the limit of a "very heavy" solid, this
feedback term becomes negligible and the system behaves as a solid oscillator to which
the uid can only respond. So far, the formulation (2.18){(2.19) is strictly equivalent to
(2.15).
In the quasi-static approach, we assume that the time-scale of the uid-structure insta-
bility is slow. The growth rate and frequency of the eigenmode being very small, the
eigenvalue  is close to zero and a Taylor expansion of the uid resolvent operator gives
at rst order (
Bf   A0f
) 1
=  A0f 1 +  A0f 1 Bf A0f 1 +    ; (2.20)
where we have dropped the dependency of the operators to the steady states so as to
simplify the notations. In this development, the rst term accounts for a purely static
approximation of the linearized uid dynamics while the second term is a rst-order
correction that approximates the low-frequency dynamics. Injecting the above expansion
of the uid resolvent into (2.19), the "solid-to-uid-to-solid" operator (2.19) can then be
approximated by
Asfs() ' 2Ma + Da + Ka (2.21)
where the uid added-mass Ma, added-damping Da and added-rigidity Ka operators are
dened as
Ma = If
T
(
A0f
 1 Bf A0f
 1) (If + BfeAe 1Ie)
Da = If
TA0f
 1 (  [If + BfeAe 1Ie]+ Bf A0f 1 [A0fe Ae 1Ie]) (2.22)
Ka =  IfTA0f 1
[
A0fe Ae
 1Ie
]
:
The non-linear eigenvalue problem (2.18) is then recast as the quadratic eigenvalue
problem (
2(Ms  Ma)  Da + (EsK 0   Ka)
)
◦ = 0: (2.23)
The contributions of the uid are now clearly identied as added-mass, added-damping
and added-rigidity eects which superimpose to the solid mass and elastic stiness
operators.
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To further understand how these added-uid operators modify the purely structural
dynamics, the solid component of the coupled problem is decomposed as
◦ =
N∑
i=1
i 

i (2.24)
where i is the i
th free-vibration mode, vibrating at the frequency !s;i. They are obtained
as eigenvectors/eigenvalues of the solid mass and stiness operators, i.e.{
  !2s;iMs + EsK 0
}
i = 0: (2.25)
By introducing the decomposition (2.24) into (2.23) and using the orthogonality property
of the free-vibrations modes, i.e. s;i
T Ms j = ij , we obtain the reduced-scale eigenvalue
problem (
2(I   Mˆa)  Dˆa + (EsKˆ   Kˆa)
)
 = 0: (2.26)
where  = [1;    ; N ]T is the vector gathering the coecients of the modal projection,
I is the identity matrix of size N N and Kˆ is a diagonal matrix whose coecients are
the square of the solid frequencies divided by the square root of the Young modulus, i.e.
!2s;i=
pEs. The projected added-uid matrices are dened as
Mˆa = TMa ; Dˆa = TDa and Kˆa = TKa: (2.27)
where  is a matrix whose columns are the free-vibration modes i . While the added
uid matrices Ma;Da and Ka cannot be assembled because of the inversion of the uid
linearized A0f and extension Ae operators involved in their denition (2.22), the projected
added-uid matrices can be explicitly assembled. This analysis will be applied in §5 to
analyze the steady and low-frequency modes of the elastic splitter plate.
3. Non-linear uid-structure solutions with temporal simulations
After describing the numerical methods used to discretize and march in time the non-
linear uid structure equation (2.11), we report in detail the various regimes of unsteady
solutions obtained by decreasing the non-dimensional Young modulus from Es = 2 105
to Es = 200.
3.1. Numerical methods for the temporal simulations
The spatial discretization of the governing equations (2.11) is obtained by a continuous
Galerkin nite-element method. Quadratic (P2) elements are used to discretize the
velocity and displacement elds while linear (P1) elements are used for the pressure and
interface Lagrange multipliers. The corresponding nite-element bases are dened on
unstructured meshes obtained after Delaunay triangulation of the computation domain

^, that extends between  15 6 x 6 50 in the stream-wise direction and  25 6 y 6 25
in the cross-stream direction. The present mesh used for the non-linear computations is
shown in gure 2. It is composed of 29 976 triangles (15 297 vertices) among which 1376
(resp. 1007) are located in the solid region 
s. At the conforming uid-solid interface,
the grid spacing in the x and y direction is set to 0:0067, while the largest spacing of
1:67 is set in the far-eld region. Renement is applied in the wake up to x = 26 so as
to capture properly the wake vortices. Note that the edges of the splitter plate are not
squared but rounded, with a radius 0:02. The extension region 
^e, discretized with black
triangles in gure 2, is dened as a sub-region of the uid domain, enclosing the splitter
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Figure 2. Plot of a typical unstructured mesh used for the spatial discretization with nite
elements. (a) The discretization of the extension domain 
^e is displayed in black while the
discretization in the far-eld uid region 
^f is in light gray. Only a portion of the mesh is
represented. (b) Close-up view in the vicinity of the splitter plate's tip. The mesh in the solid
region 
^s is displayed in orange.
plate, with dimensions x 2 [ 1:5; 7] and y 2 [ 2; 2]. The mesh is not symmetric with
respect to the x = 0 axis. A similar, symmetrized mesh is used for the stability analyses
(section 4).
A fully-implicit temporal scheme is then used to discetize in time the uid-structure
problem (2.11). More specically, we use the shifted Crank-Nicholson scheme proposed
by Wick (2013b), as it oers the best compromise between low dissipation and numerical
stability. At each temporal iteration, the time-discretized fully non-linear problem derived
from (2.11) is solved with a Newton method with an exact Jacobian (Wick 2013a). The
resulting sparse matrices and vectors are assembled using the software FreeFEM (Hecht
2012) and the resolution of the linear system at each iteration of the Newton method is
performed with the distributed direct sparse solver Mumps (Amestoy et al. 2013). Results
shown in the next paragraph have been obtained with a time-step equal to t = 0:01
which was found to result in converged time series. A uniform velocity is prescribed at
the inlet boundary x =  15, slip conditions are taken at the top and bottom far-eld
boundaries y = 25, and a stress-free outow condition is taken for the outow at x = 50.
No-slip conditions are prescribed at the rigid boundary  r of the cylinder.
Unless otherwise stated, the simulations are initialised by a uniform, zero ow. Between
the non-dimensional time units t = 0 and t = 20 the inlet velocity is smoothly increased
following the law uin(t) = 0:5 (1 cos(=20t)). For t > 20 the inow velocity is set to 1. As
time goes on, two symmetric (with respect to the y = 0 axis) recirculating bubbles appear
behind the cylinder, above and below the splitter plate. These recirculating regions tend
to slightly compress the splitter plate in the direction x < 0. After some time (function of
the rigidity) and for rigidities less than Es = 119 900, self-developing instabilities set in,
that result in dierent types of limit-cycles, characterized by unsteady ows and splitter
plate's displacement.
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Ri Esi state !i Esmini Esmaxi deviation
1 2× 105 steady 0:00 119 900 ∞ no
2 88 678 periodic 1:02 12 000 119 900 no
3 2804 periodic 0:79 1100 12 000 yes
4 444 periodic 0:95 255 1100 no
5 223 quasi-periodic 0:89− 0:09 6 200 255 no
Table 1. Characteristics of the ve non-linear regimes identied with the unsteady simulations,
labelled in the rst column as Ri; 1 6 i 6 5. The second column reports the typical value Esi of
the Young modulus used to analyse a representative solution in the regime Ri. The third column
denes the state of the solution (steady, periodic or quasi-periodic) and the fourth column gives
the corresponding oscillation frequencies. The fth and sixth columns display the minimal and
maximal values of the Young modulus Es to which this non-linear regime is observed. Finally,
the last column indicates whether a time-averaged deviation of the exible plate is observed in
the cross-stream direction y
−1.0 0.0 1.0 2.0 3.0 4.0 5.0 6.0
−1.0
0.0
1.0
0.5 1.0 1.5 2.0 2.5
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Figure 3. Regime R1: steady interaction of the elastic plate with the uid ow. The top
Figuredisplays the stream-wise uid velocity with blue color and ow streamlines with black
curves. The recirculation region is delimited by the orange dashed line. The bottom Figureis
a close-up view of the solid deformation, its direction being materialized with arrows and its
magnitude being shown with the orange color).
3.2. Regimes of non-linear interaction between the fluid and the flexible plate
The Reynolds number, solid-to-uid density ratio and Poisson coecient are set to
Re = 80, Ms = 1 and s = 0:35. By decreasing the non-dimensional Young modulus
(stiness) of the exible plate in the range Es 2 [2 102; 2 105], we have identied ve
regimes of non-linear interaction between the uid ow and the exible plate, labelled Ri
(1 6 i 6 5) in the following and briey described in table 1. The non-linear interaction of
the uid ow with elastic plate's may result in steady-state solution, periodic oscillation
or even quasi-periodic oscillation of the ow for the smallest values of the stiness. The
oscillation of the splitter plate sets in symmetrically around the streamwise axis (x = 0),
except in the regime R3 where a mean deviation of the plate is clearly observed. In the
following, we give a detailed description of the solutions observed for each regime, for
the typical value of the stiness indicated in the second column of the table.
Regime R1 — Steady symmetric solution The rst regime observed for high values of
the plate's rigidity is characterized by a steady behaviour. No uctuation of the ow nor
of the elastic plate is observed. A steady wake develops symmetrically around the axis
x = 0 downstream of the cylinder, while the plate is kept aligned along this symmetry
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axis. The steady ow obtained for Es = Es1 (see table 1 for the exact value) is shown
in gure 3. The uid ow is represented on top, where the black solid lines indicate a
few streamlines. The ow detaches symmetrically (with respect to the x axis) from the
cylinder surface and forms two symmetric recirculating regions above and below the
splitter plate. The limit of this back-ow region is depicted by the dotted orange line,
and extends downstream up to the non-dimensional position x ' 4:4. Since the splitter
plate surface completely lies inside the back-ow region, the shear stress generated by
the uid are directed upstream. As a consequence, the solid is slightly compressed,
as shown at the bottom. The displacement eld is oriented almost exclusively along
the x axis, but a slight are in the direction of the y axis is observed as ones moves
closer to the clamped edge of the plate, due to the positive Poisson eect (s = 0:35).
The amplitude of the compression is rather small: for the case considered, the tip end
stream-wise displacement is only  5 10 6.
Regime R2 — Symmetric and periodic oscillation When decreasing the rigidity lower
than the critical value 119 900, unsteady velocity oscillations appear in the wake ow
as well as in the splitter plate, resulting in uctuating lift and drag forces. A typical
unsteady uid-structure solution is reported in Figure 4-a for Es = 88 678. The transverse
tip displacement of the splitter plate as well as the total lift coecient (exerted on
the cylinder and splitter plate) are shown as a function of time in the top gure. For
t > 175 an oscillation develops and grows exponentially, before saturating towards a
periodic limit-cycle for t > 300. The frequency spectrum, computed for the lift signal
and displayed in gure 8-a, shows that the periodic lift is harmonic, since a single peak
at the fundamental circular frequency !2 ' 1:02 is found in the spectrum. Coming back
to gure 4-a, we observe that the plate exhibits large displacements | more than half
the cylinder's diameter at the plate's tip.
Snapshots of the uid-structure solutions are displayed in gure 4-b at four instants
of the period (t0, t0 + T=4, t0 + T=2 and t0 + 3T=4) using the ow vorticity and yy
component of the solid stress. Two shear-layers of opposite sign emerge from the top
and bottom faces of the rigid cylinder, and vortices are shed further downstream in the
wake, as seen in the overall bottom picture. Examining more carefully the ow around
the plate, secondary smaller vortices are visible around the plate's tip during its motion,
with a positive sign as the plate goes downwards (upper left picture) and a negative sign
as the plate goes upwards (lower right picture). They do not have a sucient strength
to be released in the wake and stay attached, but the resulting downwash (or upwhash)
eect is sucient to aect the larger, surrounding vortices. The splitter plate motion
clearly interact with the shedding of larger vortices that occur precisely near the tip of
the plate. This is particularly visible in the bottom picture. One may assume that the
plate acts as a \vortex-cutter" promoting the vortex shedding in the wake.
Regime R3 — Deviated and periodic oscillation When rigidity is further decreased
down below Es = 12 000, a new regime appears for which the plate oscillates around a
position deviated from the symmetry axis x = 0. For the solution displayed in gure 5
(Es = 88 678), the plate is deviated towards the bottom, but we also obtained deviated
solution towards the top for other initial conditions. The mean deviation is clearly visible
in the temporal evolution of the transverse tip displacement and lift coecient shown in
gure 5-a. The tip of the plate deviates towards the bottom between t ' 100 and t ' 200,
as a result of a negative lift coecient as seen in the right Figure. For 200 6 t 6 600, the
displacement and lift signals do not oscillate, as if the solution had converged to a steady
deviated solution. However, for t > 600, unsteady oscillations appear, grow exponentially
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Figure 4. Regime R2: symmetric and periodic uid-structure interaction obtained for
Es = 88 678. (a) Temporal evolution of the transverse tip displacement ξ(P )y and for the lift
coecient CL. (b) Plot of the z vorticity (blue-red colours, dashed negative contours) in the
uid and of the yy stress in the solid (orange color). Black arrows indicate the direction of the
velocity vector in the solid.
and saturate in a periodic limit-cycle for t > 750. The spectra for the lift signal, reported
in the gure 8-b, shows one fundamental frequency at !3 = 0:79 and one harmonic peak
at 2!3. Higher-order harmonic frequencies are not visible in the spectrum. Note that a
peak is obtained at 2!3 (and not 3! as in the previous case) because the plate ceases to
oscillate about the symmetric position, so that the lift and drag coecient have now the
same periodicity. The amplitude of the vibrations is much smaller than in the symmetric
oscillating regime | for instance, the tip vibration amplitude is barely more than 0:05.
The mean deviation has thus a strong stabilizing eect on the wake oscillation. This latter
eect can be made more visible by looking to a eld representation of the ow. In gure 5,
snapshots of vorticity in the deviated limit-cycle are reported. The mean position of the
plate is always maintained in the y < 0 region (which corresponds to a negative lift),
on top of which small oscillations are superimposed. We clearly see how reduced is the
amplitude of the oscillations (only snapshots at t0 and t0 +T=2 are represented, because
the ow in the near-solid region does not vary much during a period of oscillation). The
reversed vorticity signs close to the plate mark the presence of a recirculating region,
that does actually not evolve a lot. That is not to say that the wake remains steady: as
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Figure 5. Regime R3: deviated periodic solution for Es = 2804. (a) Temporal evolution of the
transverse tip displacement ξ(P )y and of the lift coecient CL. (b) Plot of the ow vorticity
(blue-red colours, dashed negative contours) of the yy component of the solid stress (orange
color). Black arrows indicate the motion of the plate.
shown in the bottom gure, vortices are nevertheless shed, but with a smaller intensity
as before, and further away from the plate (the shedding region is around x ' 10, as
compared to x ' 5 in the previous case). All goes as if the seemingly more streamlined
overall shape prevents from the release of vortices in the wake.
Regime R4 — Back to symmetric and periodic oscillations When further decreasing
the rigidity below Es = 444, the mean deviation disappears and the plate oscillates
periodically and symmetrically around the axis x = 0. The main characteristics of this
solution are reported in gure 6 obtained for Es = 444. The mean deviation has clearly
disappeared. The deformation of the plate follows however a dierent pattern from the
one obtained for a higher rigidity and shown gure 4. Indeed, an inexion point appears
in the centreline deformation of the plate, and the maximal transverse deviation is
increased (0:35 compared to 0:25 for the case Es = 88 678). Despite this increase of
the oscillation amplitude, the lift amplitude is reduced compared to the case Es = 88 678,
probably because the kinematics of the plate decreases the strength of the vortex release.
The spectra of the lift coecient is reported in gure 8-c. The largest peak of response
is located at !4 ' 0:95. Because of the recovered symmetry, the harmonics are obtained
at frequencies 3!4 ,5!4, etc.
Regime R5 — Symmetric and quasi-periodic oscillations Finally, for the lower values
of rigidity explored in the present study, we have observed another regime of unsteady
symmetric solutions, shown in gure 7 (Es = 223). The high-frequency oscillation is now
superposed to a secondary low-frequency oscillation that is clearly visible in the temporal
signals of gure 7-a as well as in the spectrum of gure 8-d. The high frequency !5 = 0:89
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Figure 6. Regime R4: symmetric and periodic oscillation obtained for Es = 444 . (a) Temporal
evolution of the transverse tip displacement ξ(P )y and of the lift coecient CL. (b) Plot of the
z vorticity (blue-red colours, dashed negative contours) in the uid and of the yy stress in the
solid (orange color). Blacks arrow indicate the direction of the velocity vector in the solid.
is close to the vortex-shedding frequency found in the previous periodic regimes. The
secondary frequency !
(2)
5 = 0:09 is almost ten times lower, and corresponds to the slow
modulation of the displacement and lift seen in gure 7-a. Snapshots of the ow in a
phase where the tip globally moves upwards are depicted in gure 7. The vibration
pattern in the solid is very dierent from what was observed previously: its movement
is now composed of a combination of a pure bending with one vibration node at the
clamped end, and bending with two vibration nodes. The vortex-shedding region is also
again located closer to the cylinder (x ' 5).
Summary of the non-linear regimes A global picture of the ve regimes of non-linear
interaction between the exible plate and the uid ow is given in gure 9. The total
drag coecient, the total lift coecient and the transverse displacement of the plate's
tip are shown as a function of the non-dimensional Young modulus Es in gure 9-a-b-c
respectively. Mean and extrema values are shown with circles and error bars. The
fundamental frequencies of the periodic and quasi-periodic solutions are displayed in
gure 9-d. Steady states are found at large values of the non-dimensional Young modulus
Es (right end, region R1, typical case Es = 2 105): in this region, the plate slightly
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Figure 7. Regime R5: symmetry and quasi-periodic oscillation, obtained for Es = 223. (a)
Temporal evolution of the transverse tip displacement ξ(P )y and for the lift coecient CL. (b)
Plot of the z vorticity (blue-red colours, dashed negative contours) in the uid and of the yy
stress in the solid (orange color). Black arrows indicate the direction of the velocity vector in
the solid, averaged over the high-frequency period.
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Figure 8. Frequency spectra. Plot of the Fast Fourier Transform spectra of the lift coecient
CL. Fundamental frequencies are marked with the solid vertical line, harmonics with the dashed
lines.
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Figure 9. Characteristics of the ve regimes of non-linear interactions observed between the
exible splitter plate and the ow. For dierent values of Es, plot of (a) drag and (b) lift coecient
of the plate and cylinder, (c) plate tip displacement, in the limit-cycle regime. The mean value,
indicated by a circle (#) symbol, is approximatively computed as 1=2 (max + min), while the
amplitude of oscillation (max−min) is indicated by the errorbar and centred about the mean.
The fundamental high- and low-frequency are reported in (d) with# and symbols, respectively.
Regions R2 and R4 that show an unsteady behaviour and a zero mean plate deviation are
highlighted with a gray color, while region R3 coming with deviated mean oscillations is
emphasized by a darker gray color. Region R5 with quasi-periodic oscillations is hatched with
oblique lines.
deforms but the ow remains steady. Decreasing the rigidity below Es = 119 900 results
in the apparition of oscillating states (region R2, typical case Es = 88 678) with a
zero mean y displacement (rst gray region). In this region, very large-amplitude lift
uctuations are observed, while the mean drag is increased compared to the stationary
case. Note that the same behaviour was observed for the simpler case of spring-mounted
cylinders where, when decreasing the stiness (i.e. increasing the reduced velocity),
one suddenly passes from a steady regime with zero lift to an unsteady regime where
lift and vibration amplitudes are the highest (Zhang et al. 2015; Navrose & Mittal
2016). Decreasing further the rigidity results in oscillating states with a deviated mean
transverse displacement (region R3, typical case Es = 2804), starting from Es = 12 000.
This region comes with much smaller oscillation amplitudes. This region suddenly ceases
to exist from Es = 1100. A symmetric oscillating state is recovered in this region R4
(lighter gray shaded area in the left sides in gure 9, typical case Es = 444) but with other
apping features than previously. Very high vibrations amplitudes are reached (greater
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than the diameter of the cylinder), but the lift uctuation amplitudes are smaller than
in the rst unsteady symmetric region. Drag uctuations are however of the same order
of magnitude as in the rst region. Finally, below Es = 255, quasi-periodic limit-cycles
are observed (region R5, typical case Es = 223).
We have seen that several periodic (and aperiodic) solutions can be reached by simply
varying the rigidity coecient of the plate. The transient behaviours observed before
reaching these periodic solutions suggest that the latter result from the saturation of
linear instabilities of the steady states. In the next section, the linear stability analysis
of the elastic splitter plate immersed in the ow is investigated in the same range of
elastic stiness, so as to identify the various uid-structure instabilities that may arise
and characterize the mechanisms of interaction.
4. Linear uid-structure stability analysis
After describing in §4.1 the numerical methods used to compute the steady nonlinear
solutions of equation (2.14) and solve the eigenvalue problem (2.15), we reports results
of the full coupled uid-structure stability analysis in §4.2, rst by describing carefully
the various unstable eigenmodes found when decreasing the stiness of the splitter plate,
and then by characterizing the various regimes of linear instability. Finally, results of the
linear analysis are compared in §4.4 to results obtained with the non-linear simulations.
4.1. Numerical methods for the stability analysis
A linear stability analysis of the uid-structure problem requires to rst determine
non-linear steady solutions of (2.14) so as to then solve the eigenvalue problem (2.15).
The problems are discretized on a symmetric mesh (with respect with the axis y = 0)
with about the same discretization parameters than that already described in §3.1. A
Newton method is used to compute iteratively non-linear steady solutions of (2.14). After
assembling the sparse matrices with the FreeFEM (Hecht 2012) software, the Mumps
library (Amestoy et al. 2013) is used to perform the factorization of the uid-extension-
solid Jacobian matrices and solve the associated problem. When it comes to the steady
ow, a uniform velocity of amplitude unity is prescribed at the inlet boundary x =  15,
slip conditions are taken at the top and bottom far-eld boundaries y = 25, and a
stress-free outow condition is taken for the outow at x = 50. No-slip conditions are
prescribed at the rigid boundary of the cylinder. The same boundary conditions are taken
in the linearised problem, except for the inow velocity, that is zero at the perturbation
level.
The leading eigenvalue of the generalized eigenvalue problem (2.15) are then looked
for with the shift-and-invert method in the library ARPACK (Lehoucq et al. 1997). It
requires again to invert the Jacobian matrix in (2.16) shifted by the left-hand side matrix
when computing leading eigenvalues with non-zero frequency. Again, the solver Mumps
is used. A more detailed description of the shift-and-invert algorithm is given in Pster
et al. (2019), as well as an approach based on a block Gauss-Seidel preconditioner or
modal projections, that can be used to reduce the overall memory requirements. For
large-scale eigenvalue problems at moderate Reynolds numbers, the LU factorisation of
the Jacobian uid matrix that appears in the Gauss-Seidel loop can also be replaced
by an ecient iterative solver based on the Augmented Lagrangian preconditionner, as
proposed by Moulin et al. (2019).
The non-linear steady solver and linear eigenvalue solver used here have been validated
in Pster et al. (2019) for several uid-structure congurations. More specically, a
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conguration very similar to the present one and often used in uid-structure-interaction
numerical benchmarks (Turek & Hron 2006) has been been investigated. Numerical
results obtained with the stability analysis have been compared to results of non-linear
unsteady simulations, thus validating the numerical tools and the linearization approach
of the uid-structure problem. The FreeFEM scripts allowing the numerical resolution
of (2.14) and (2.15) are available on the website https://w3.onera.fr/erc-aeroflex/.
4.2. Description of the unstable fluid-solid modes
As for the investigation of the non-linear interaction of the exible plate with the
surrounding ow, the Reynolds number, the solid-to-uid density ratio and the Poisson
coecient are set to Re = 80,Ms = 1 and s = 0:35. By decreasing the non-dimensional
Young modulus (stiness) of the exible plate in the range Es 2 [2 102; 2 105], we
obtain steady and symmetric solutions that are very similar to uid-structure solutions
obtained with time-marching simulations in regime R1 and displayed in gure 3. The
compression eect in the elastic plate increases almost linearly with Es over the whole
range of rigidity. The maximal deviation to linearity is reached at small stiness and
does not exceed 0:5 %. The total drag coecient is around CD = 1:155 and varies less
than 0:1 % over the whole range of rigidity. The net drag is actually essentially generated
by the rigid cylinder: the evolution of the drag coecient for the plate only shows very
small variations (less than 1:5 % over the whole range of rigidity).
By performing the stability analysis of steady symmetric solutions in the Es range,
we have identied four types of uid-structure modes that may be unstable. The
characteristics of these modes, labelled mi (1 6 i 6 4) in the following, and the range of
elasticity parameters for which they are found unstable, are given in table 2. The mode
m1 is a (complex) unsteady eigenmode associated to a frequency close to vortex-shedding
frequency, that is unstable in a large range of stiness values, i.e. 3800 6 Es 6 119 900
(see the last two columns of the table). The mode m2 is a (real) steady eigenmode
associated to a symmetry-breaking of the ow and plate's position. It gets unstable
for intermediate values of the stiness 560 6 Es 6 13 000. Clearly, there is a range
of stiness's values for which the two modes m1 and m2 are unstable. The various
regimes of linear interaction, characterized by the number of unstable modes, are given
in table 3. They are discussed later, after the detailed description of the modes. The
mode m3 is a (complex) unsteady eigenmode associated to a frequency close to vortex
shedding, as mode m1, but that is unstable at low rigidity. Finally, the mode m4 is a
(complex) unsteady eigenmode associated to a much lower frequency. These unstable
modes, representing the interaction between innitesimal displacement of the exible
plate with innitesimal ow perturbations, are now described individually with more
details, for values of the Young modulus Esi given in the second column of table 2.
Unsteady mode m1 The unsteady mode m1 is the rst mode to get destabilized
when decreasing the rigidity. The eigenvalue spectrum and the spatial structure of
the eigenmodes are shown in gure 10, for the same stiness value Es = 88 678, as
for the non-linear solutions found in the non-linear regime R2. In the eigenvalue
spectrum, a pair of complex-conjugate unstable modes, emphasized with the # symbol,
is clearly unstable. The governing operators being real-valued, the eigenvalue spectrum
is necessarily symmetric with respect to the real axis (Golub & van Loan 2013). The real
part of the corresponding eigenvector is also displayed in gure 10, with contour lines
representing the streamwise Eulerian velocity perturbation ~u = u   ∇U e. Recall
that this quantity represents the velocity perturbation in the perturbed domain (Fanion
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mode Esi r i Esmi,min Esmi,max
m1 88 678 0:043 ± 0:931 3800 119 900
m2 2804 0:065 0 560 13 000
m3 444 0:059 ± 0:813 6 200 1400
m4 444 0:062 ± 0:126 6 200 405
Table 2. The four unstable eigenmodes, labelled mi (1 6 i 6 4), found with the linear stability
analysis of the steady symmetric solution in the range of Young modulus 2× 102 6 Es 6 2× 105.
The second column reports the value Esi for which each mode is displayed in the text and gures.
The third and fourth columns report their growth rate r and frequency i. The fth and sixth
columns give the minimal and maximal values of the Young modulus for which the mode is
unstable.
regimes unstable modes Esli,min Esli,max
l1 none 119 900 ∞
l2 m1 13 000 119 900
l3 m1,m2 3800 13 000
l4 m2 1400 3800
l5 m2,m3 560 1400
l6 m3 405 560
l7 m3,m4 6 200 405
Table 3. Regimes of linear uid-structure interaction, labelled li(1 6 i 6 7). Seven regimes are
identied with the stability analysis of the symmetric steady ow. The second column indicates
the types of unstable modes in the regime. The third and fourth columns report the minimal
and maximal values of the Young modulus Es for which the linear regime is observed. Regions
li are also reported in gure 16.
et al. 2000; Fernandez & Le Tallec 2003) and does not depend upon the choice of the
extension operator (Pster et al. 2019). This representation is actually a snapshot of
the perturbation at a certain phase of the oscillation cycle. When the phase is varied,
the vortex structures are advected downstream in the wake ow, while the plate's
deformation alternates up and down. This dynamical deformation is made more clear for
the solid with a superposition of the plate's position (the displacement being arbitrary
scaled) at dierent phases (dark lines). The perturbed position of the solid, deduced by
applying the real part of the mode to its position in the steady deformed conguration,
is represented by the orange line. The downwards deformation of the structure induces
a positive stream-wise velocity in the vicinity of the splitter plate, while the ow goes in
the other direction further away in the transverse direction. The stream-wise deformation
of the plate is almost zero, which indicates that, at the linear level, the coupling with
the solid occurs essentially through a pressure eect rather than through shear stresses.
In the uid, the characteristic features of an unstable vortex-shedding mode found (Hill
1992), i.e. alternate lobes of positive and negative stream-wise velocity that mark the
early stages of development of the unsteady Bnard-Von Krmn vortex street, that was
clearly visible in the regime of non-linear interaction R2 in gure 4. The oscillation
frequency of the linear mode, i = 0:93, is also very close to the oscillation frequency
of the periodic solution !2 = 1:02. Because of strong added-mass eects, that will be
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Figure 10. Unsteady mode m1 for Es = Es2 = 88 678. Left: eigenvalue spectrum showing
one unstable pair of complex-conjugate modes (r > 0) emphasized by the # symbol. Right:
iso-contours (and colors) of the Eulerian velocity component for the (real part of) the unstable
eigenvector. Solid and dashed lines are used for positive and negative values of the contours.
Instantaneous positions of the elastic plate in the oscillation cycle (black) are superposed to the
position of the real component of the mode (in orange).
discussed into more details in §5, the coupled uid-solid vibration frequency is much
lower than that of the lowest free solid vibration (i.e. vibrating in vaccum, without the
surrounding uid) frequency is = 4:86 at the same stiness parameter.
Steady mode m2 Let us now consider a value of the Young modulus Es = 2804 for
which a mean deviation of the elastic plate was observed in the regime of non-linear
interaction R3. Results of the linear stability analysis are shown in gure 11. The
eigenvalue spectrum clearly exhibits an unstable eigenvalue (r > 0) with zero frequency
(i = 0). The corresponding real mode, displayed in the right part of the gure, grows
exponentially in time without oscillating. This steady modes clearly breaks the reection
symmetry of the symmetric steady ow around the axis x = 0, and for that reason is
called a symmetry-breaking | or divergence | instability mode. The elastic plate is
deected, here downward, but an upward deviation is obtained by reversing the arbitrary
sign of this real mode. In the uid, the spatial structure of this symmetry-breaking
uid-structure mode is similar to those found unstable when investigating the dynamics
of freely rising or falling bodies (see Ern et al. (2012) for a review), either with a
quasi-static approach (Fabre et al. 2011) or with a global stability analysis of freely-
moving rigid two-dimensional (Assemat et al. 2012) and axi-symmetric (Fabre et al.
2012) bodies. Unlike unsteady modes, there is no spatial oscillation of structures in the
uid component. Large values are found in the vicinity of the elastic plate, with slowly
decreasing positive (resp. negative) stream-wise velocity for y < 0 (resp. y > 0) when
progressing downstream. This is the same spatial structure as in the back to terminal
velocity modes in Assemat et al. (2012) | see for instance their Figure 7-a. To better
understand the link between the solid and uid components of this mode, the pressure
eld is represented in gure 12, for two values of the Young modulus. In gure 12-a,
around the rigid cylinder and elastic plate, we observe large positive (resp. negative)
pressure values in the upper part y > 0 (resp. lower part y < 0) close to the rear of
the cylinder and clamping position of the elastic plate. In this region, the (negative)
pressure gradient is thus oriented downward, explaining the downward bending of the
plate. Now, close to the plate's tip, we observe that the positive and negative pressure
regions are reversed, creating a pressure force oriented upward. This sign's change of
the pressure gradient along the splitter plate comes with a change of curvature in the
bended elastic plate. This eect, barely visible for high values of rigidity (gure 12-a),
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Figure 11. Steady modes m2 for Es = 2804. Left: eigenvalue spectrum showing one unstable
steady mode (r > 0; i = 0). Right: spatial representation of the real part of the Eulerian
velocity component of the unstable mode (blue gradient and contours, dashed negative) in the
steady deformed conguration, and solid deformation scaled with an amplitude of 0:4 (orange,
thick deviated line).
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Figure 12. Steady modes m2 for (a) Es = 2804 and (b) Es = 700 displayed with the pressure
eld. The deformation of the elasic plate (orange) is scaled by an amplitude of 0:15.
is much more pronounced when decreasing the stiness (gure 12-b). In that case, the
maximal deformation occurs roughly in the middle of the plate, and the change of
bending curvature clearly corresponds to the change of sign in the pressure force. Close
to the plate's tip, the upward pressure force tends to decrease the downward deviation.
When further decreasing the stiness of the plate, this stabilizing eect is dominant,
thus explaining the decrease of the growth-rate (stabilization) of the unstable steady
mode m2 obtained for Es . 3000. We will come again on the mechanisms at play in
§5. Note that this symmetry-breaking mode is clearly dominated by pressure eects
rather than shear-stress eects. The later would indeed rather provoke a bending of the
plate in the opposite direction. This is contrary to what was observed in the context of
slender structures interacting with a Stokes ows (Gadelha et al. 2010). Examining now
the velocity perturbation in gure 11, it tends to decrease (resp. increase) the size of
the lower (resp. upper) recirculating region in the steady symmetric solution, the signs
of the steady and perturbation velocities being opposed (resp. identical). This is better
visualized by plotting the superposition of the steady mode m3 with the symmetric
steady ow in gure 13, for two dierent (and arbitrary) values of the mode's amplitude.
The Lagrangian-based perturbation (i.e. obtained directly as eigenvector of (2.15)) is
displayed here, for it is dened in the reference conguration and we can then deform
both the solid and the uid domain according to the solid/extension perturbation eld.
We clearly see how the asymmetry in the mode tends to deform the recirculating region
as well as to bend the splitter plate. The same type of ow and plate's deformation is
observed in the non-linear regime R3 before the onset of oscillations.
High-frequency m3 and low-frequency m4 modes For the lowest values of the Young
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Figure 13. Superposition of linear symmetry-breaking steady modes m2 to non-linear
symmetric steady solutions for Es = 2804. The Lagrangian-based perturbation is scaled by
the amplitude (a) 0:1 and (b) 0:4. Contours indicate negative velocity levels between 0 and
−0:15.
modulus explored here, the stability analysis reveals the existence of two unstable
unsteady modes, as seen in the eigenvalue spectrum of gure 14 obtained for Es = 223:
one oscillating at the high frequency i = 0:813 (mode m3) and one oscillating at the
low frequency i = 0:126 (mode m4). They are very close to the frequencies identied in
the non-linear quasi-periodic solution obtained with time-marching simulations, shown in
gure 7 (see also the table 1). The high-frequency (resp. low-frequency) mode is displayed
in the top (resp. bottom) right-hand side, with the (real part of the) stream-wise velocity
for the uid component. For the high-frequency mode m3, the spatial structure of the
ow perturbation is typical of a vortex-shedding velocity pattern. It is very similar to the
one of the unsteady mode m1 that is unstable at higher rigidity (see gure 10). However,
the displacement of the elastic plate is dierent, as the tip of the plate is bent again
in the direction of the centreline. For the low-frequency mode m4, spatially oscillating
ow perturbations are also found in the far wake (not shown here), characterized by
much larger wavelengths (compared to mode m3), in agreement with the much lower
oscillation frequency of this mode. The visualisation of this mode is still focused on the
near-solid region, as we observed that the pressure eld (not shown here) is similar to
the one displayed in gure 12-b for the steady mode m2. The pressure acts in a similar
way as before, by dragging the plate towards lower-pressure zones.
4.3. Effect of stiffness and regimes of linear interaction
We now examine in more details the eect of the plate stiness on the four uid-solid
eigenmodes, and more specically on their eigenvalue. Figure 15-a displays the various
positions of the low-frequency m4 and steady m2 eigenvalues in the complex plane when
increasing the stiness. The growth rate of the low-frequency modes m4 (green circles)
decreases until they get stable. Then, their frequency decreases and the two complex
conjugate eigenvalues collides on the zero-frequency axis i = 0. Two steady eigenvalues
emerge from this collision, one getting more and more stable when increasing the stiness,
the other one being the mode m2 that gets unstable for Es > 560. This clearly establishes
a connection between the low-frequency mode m4 and the steady symmetry-breaking
mode m2.
The evolution of the high-frequency eigenvalues m1 and m3 (orange circles) is also shown
in Figures 15-b and 15-c, respectively, now by decreasing the stiness. In these gures, the
blue crosses represent a stable branch of purely hydrodynamic modes, i.e. obtained when
considering a rigid splitter plate. Among them, the least stable eigenvalue correspond to
the vortex-shedding eigenmode. The evolution of the corresponding uid-structure mode
(denoted F ) when decreasing the stiness, has also been tracked and is reported with
the blue circles. The modes m1 and m3 are both stable at high stiness. For high values
of the stiness, their frequency evolve according to the frequency of the structural mode
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Figure 14. High-frequency and low-frequency unstable mode m3 and m4 at Es = 223. Left:
eigenvalue spectrum showing low-frequency () and higher-frequency (#) unstable eigenvalues.
Right: spatial representation of the real part of the Eulerian streamwise velocity (blue gradient
and contours, dashed negative) in the steady deformed conguration, and snapshots of the solid
deformation.
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Figure 15. Evolution of the unstable eigenvalues in the complex plane growth rate/frequency
when varying the stiness Es. Eigenvalues corresponding to (a) symmetry-breaking steady m2
(red circles) and low-frequency unsteady modes m4 (green circles), (b) high-frequency modes
m1 (orange circles) and (c) high-frequency modes m4 (orange circles). The arrows indicates
increasing (resp. decreasing) values of the stiness in (a) (resp. b and c). In (b,c) the blue ×
symbols correspond to the modes obtained when the splitter plate is rigid, while dots represent
the evolution of the least stable purely hydrodynamic mode (F) when the stiness is decreased.
that scales as E1=2s . When the stiness decreases so that the frequency gets closer to
the frequency of the lest stable hydrodynamic mode, the two uid-structure modes get
unstable, with a frequency i  1:0. Further decreasing the stiness, the frequency of
the two modes evolves towards the frequency of mode the hydrodynamic vortex-shedding
modes. Mode m1 is stabilized, and remarkably, it reaches the region of the spectrum in the
vicinity of the (purely) hydrodynamic vortex-shedding mode. Mode m3 remains unstable
with a frequency i  0:8 very close to the frequency of the (purely) hydrodynamic
vortex-shedding eigenmode. To summarize, when decreasing the stiness, the frequency
of both modes rst behaves as the frequency of structural modes, until they lock to
the hydrodynamic frequency. Interestingly, the mode F (blue circles) also travels in the
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complex plane when the stiness is reduced and tends to have an increased frequency.
Similar evolution of the eigenvalues have already been reported by Zhang et al. (2015);
Navrose & Mittal (2016) when investigating the interaction of a spring-mounted circular
cylinder with a low Reynolds number ow. Interestingly, we have here an extension to
a more complex uid-structure interaction, involving a exible structure with several
vibration modes.
A more quantitative picture of the evolution of the growth rate and frequency cor-
responding to the four eigenmodes is reported in Figure 16 as a function of the non-
dimensional Young modulus Es. Examining the evolution of the growth rate (top gure),
we can identify seven linear regimes of interaction, referred to as l1; :::; l7 in the gure and
in table 3. In regime l1, obtained for values of rigidity Es > 119 900, the steady symmetric
solution is stable and there is no steady or unsteady interaction between the uid
perturbation and the elastic plate. Note that, when the stiness tends to innity, the uid-
structure system is decoupled at the perturbation level. The solid components of the fully
coupled modes then correspond to purely oscillating solid modes (clamped on the rear of
the rigid cylinder). The uid components correspond to hydrodynamic global modes. For
the Reynolds number investigated here Re = 80, the leading hydrodynamic global mode
is stable ( 0:044  0:808 i), but it gets unstable when increasing the Reynolds number
up to Re ' 92 (see also the discussion in §5). Flexibility thus allows to obtain so-called
sub-critical vibrations (i.e. below the instability threshold for the corresponding rigid
system). This was already observed numerically by Mittal & Singh (2005) who studied
the vortex-induced vibrations of a spring-mounted cylinder and observed vibrations at
Reynolds numbers as low as 20. Coming back to gure 16, the second regime l2 appears
when decreasing the stiness with the destabilisation of the high-frequency mode m1.
The third regime l3 is characterized by the coexistence of two unstable modes, since the
steady symmetry-breaking mode gets destabilized. When the high-frequency mode m1
gets stable, we enter the fourth regime l4, thus characterized by the existence of a single
unstable steady mode. The fth regime l5 appears at lower rigidity when the unsteady
high-frequency mode 3 gets unstable. When further decreasing the stiness of the plate,
this mode remains unstable. The sixth regime l6 exists in a small range of rigidity, where
the steady mode m2 has been stabilized. Finally, the last regime l7 appears when the
low-frequency mode m4 gets unstable, thus co-existing with the high-frequency mode
m3.
4.4. Comparison with non-linear results
The frequency and symmetry properties of the four unstable linear modes explain
some characteristics of the non-linear regimes identied with the temporal simulations.
The unsteady mode m1 has an oscillating frequency similar to the periodic oscillations
observed in regime R1. The destabilization of the symmetry-breaking mode m2 is
coherent with time-averaged deviated solutions found in regime R3. Finally, the
coexistence of unstable low-frequency and high-frequency modes for low values of the
rigidity explains the quasi-periodic solutions found in regime R5. The identication of
the linear regimes also allows a more quantitative comparison of results of the non-linear
simulations already presented in §3.2. This comparison is shown in gure 17, where the
non-linear regimes R1;    ; R5 are superimposed on the graph giving the growth-rate and
frequency of the linear modes. The white background is used to indicate the non-linear
regime of steady symmetric solutions R1. The light gray background at high stiness
refers to the regimes of symmetric periodic oscillations R2 and R4. The dark gray
background corresponds to the regime of deviated periodic oscillation R3. Finally, the
regime of quasi-periodic oscillations R5 is marked with the hatches. Note that the vertical
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Figure 16. Eigenvalue variation with Es. For the case Re = 80 and Ms = 1, evolution of
the unstable eigenvalues noted  = r + ii, as a function of the plate stiness coecient Es.
Unstable, unsteady modes are depicted with orange circles (#), steady modes are depicted with
a red square symbol () and low-frequency modes with a green diamond symbol (). The seven
regions li summarized in table 3 are delimited with vertical lines.
dashed-lines indicate the values of Es corresponding to solutions shown in gures 3 to
7 and summarized in table 1. The graph at the bottom further compares the non-linear
frequencies (black circle and square symbols) and the linear frequency obtained as the
imaginary part of the unstable eigenvalue (colors).
We rst examine the bifurcation between the regimes R1 and R2, when decreasing the
stiness. This threshold is perfectly captured by the stability analysis. The complex
mode m1 (#) gets unstable at Es = 119 900 where a super-critical Hopf bifurcation
occurs. The periodic solution observed in R2 is the limit-cycle solution emerging from
this Hopf bifurcation. Close to the threshold, the linear vibration frequency i matches
exactly with the frequency of the periodic solution, as seen in the bottom of gure 17.
A fairly good agreement between the linear and nonlinear frequencies is actually found
over the whole range where the high-frequency mode m1 is unstable. A deviation not
greater than 10 % is observed.
We now examine the bifurcations between symmetric and non-symmetric (deviated)
oscillations, that occurs between regimes R2 and R3 at high rigidity, and between R3 and
R4 at lower rigidity. The steady symmetry-breaking modes m3 () are clearly related
to the existence of non-symmetric oscillations in regime R3. However, we note that the
range of stiness where this mode is unstable (encompassing linear regimes l3, l4 and
l5 in gure 16) does not perfectly coincide with the regime of solutions R3. We observe
three discrepancies between the linear and non-linear results.
First, the transition between linear regimes l2 and l3 where the steady mode gets
unstable occurs at Es = 13 000, while the bifurcation between R2 and R3 occurs at
Es = 12 000. Secondly, the deviated oscillations that characterizes the regime R3 are
observed even in the linear regime l4 where all the unsteady modes are stable and only the
steady mode is unstable. This is for instance visible in the time-series displayed in gure
5. A mean deviation rst sets in (in agreement with the presence of a single unstable,
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Figure 17. Comparison of linear stability results (of symmetric steady state) with unsteady
non-linear results. Plot of the real r (top) and imaginary (bottom) part i for the unstable
eigenvalues found by investigating the linear stability of the symmetric steady state. The values
of the stiness for the non-linear computations presented in §3.2 are reported with a dashed line,
as well as the corresponding non-linear regimes R1,...,R5. At the bottom, the largest-amplitude
frequency peak !n.l. in a Fourier-transform of the plate's tip end displacement is reported with
circles (#) while square symbols () report (if any) frequencies with an high spectrum peak
that are not harmonics from the previous one.
steady mode in the eigenvalue spectrum), but then unsteady oscillations develop. This
indicates the existence of secondary instabilities. Third, the stability analysis poorly
predicts the bifurcation threshold Es = 1100 between the regimes R3 of non-symmetric
oscillations and the regime R4 of symmetric oscillations. Indeed, the steady symmetry-
breaking mode is stabilized at a much lower value Es = 560. Moreover, at the bifurcation
threshold between R3 and R4, a sudden increase of frequency is observed in gure 17),
while the linear frequency of mode m3 decreases smoothly.
Finally, the linear analysis does not well predict the bifurcation threshold from regime
R4 to regime R5 where quasi-periodic oscillations appear. Indeed, the low-frequency mode
gets unstable for a larger value of Es. Two unstable (low and high -frequency) modes may
coexist but this does not imply the onset of quasi-periodic oscillations. The later seems to
occur when the growth rate of the low-frequency mode m4 is similar to that of the high-
frequency mode m3. However, this is only a qualitative argument. A weakly non-linear
expansion, in the spirit of Meliga et al. (2009) and Meliga & Chomaz (2010), should
be performed to properly determined the amplitude of each modes in the quasi-periodic
solution. Nevertheless, as seen in the bottom gure 17, the two frequencies predicted
by the linear stability analysis match well with the frequencies of the quasi-periodic
solutions.
5. Quasi-static and quiescent-uid analyses of the uid-structure
instabilities
In this last section, we further discuss the physical mechanisms at play in the unstable
uid-structure eigenmodes identied in the previous section with the fully coupled
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eigenvalue analysis. These eigenmodes can be classied into two categories: the quasi-
static modes and the high-frequency modes. The quasi-static modes (steady m2 and low-
frequency m4 modes) evolve on a time-scale that is much slower than the characteristic
fast time-scale of the uid, which is here related to the frequency ! = 0:808 of the (stable)
vortex-shedding eigenmode for the rigid-plate conguration. The quasi-static analysis
introduced and §2.2.2 is applied in §5.1 to understand how the solid free-vibration modes
contribute to destabilize and stabilize these quasi-static modes. On the other hand, the
high-frequency modes (m1 and m4) oscillate at a frequency comparable to the vortex-
shedding frequency. The quiescent-uid analysis introduced in §2.2.1 is applied in §2.2.1
to understand how the the uid interact with the solid modes through added-mass, added
damping and added stiness eects, and thus modify the frequency of the free-vibration
modes, depending on the plates stiness.
5.1. Quasi-static analysis of the steady and low-frequency modes
As explained in the previous section when describing the various unstable eigenmodes,
there exists a connexion between the steady mode m2 and the low-frequency mode m4
when examining the path of their eigenvalues in gure 15. To clarify the underlying
physical mechanism, we apply here the quasi-static analysis detailed in §2.2.2. Since these
uid-structure modes evolves on a slow time scale, all goes as if the uid component
was evolving about a quasi-static solid component, thus allowing to simplify the the
fully coupled eigenvalue problem (2.15) into the quasi-static reduced eigenvalue problem
(2.26), where the added-mass Mˆa, added-damping Dˆa and added-stiness Kˆa matrices
are obtained after projecting the solid displacement onto the free-vibration modes. The
latter are obtained as eigenvectors of equation (2.25) and are shown in gure 18 for a
clamped elastic splitter plate of Young modulus Es = 46800. Since the plate is modelled
as a purely elastic solid (without viscosity), the solid eigenvalue spectrum displayed in
gure 18-a is composed of purely imaginary eigenvalues. Only the eigenvalues of smallest
frequency, labelled S1, S2 and S3, are shown in the spectrum, the corresponding modal
shapes i being displayed in gure 18-b. A visual comparison with the solid components
of modes m2 and m4 (see Figures 11 and 14) clearly suggest that the solid displacement
can be decomposed with the rst and second free-vibration modes as
◦ = 11 + 2

2; (5.1)
where i are the amplitude of the free-vibration modes. Gathering these amplitudes
in the two-components vector  = [1; 2]
T , the latter is an eigenvector of the reduced
eigenvalue problem (2.26), where the solid stiness matrix K^ is diagonal with coecients
related to the frequency of the free-vibration modes as !2s;1 = 2:659 10 4 and !2s;2 =
1:034 10 2. The uid added-mass, added-damping and added-rigidity matrices, dened
in equation (2.27) by projection onto the reduced basis formed with the two free-vibration
modes, are equal to
Mˆa =
[ 73:5 5:22
 82:8  18:9
]
; Dˆa =
[ 33:1  11:4
 25:0  23:3
]
; Kˆa =
[
3:74  5:02
4:47 0:63
]
:
Diagonal terms represent the added-mass, damping and stiness eects related to individ-
ual free-vibration modes, while o-diagonal terms accounts for the interactions between
these modes.
A comparison of the eigenvalues obtained by solving the reduced quasi-static eigenvalue
problem (2.26) and the fully-coupled uid-structure eigenvalue problem (2.11) is given
in gure 19. The eigenvalues of the fully-coupled problem are shown with symbols, while
those of the reduced problems are displayed with the black curves. Let us rst examine
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Figure 18. (a) Eigenvalue spectrum obtained for the solid eigenvalue problem (2.25) and (b)
instantaneous displacements of the free-vibration modes S1, S2 and S3 corresponding to the
three-lowest frequencies displayed in (a). Results are shown for Es = 46 800. The frequencies
scale as E1/2s .
results obtained when considering a single free-vibration mode in the projection (5.1).
They are shown in gures 19-a-b, with the growth rate and frequency respectively
displayed as a function of the plate stiness Es. The solid (resp. dashed) lines correspond
to the projection with mode S1 (resp. S2). Results of the quasi-static approximation with
solely mode S1 very well predict the destabilization of the steady mode (red symbols) that
occurs for large stiness. Following Dowell et al. (2004), an analytical expression of the
critical stiness Es , for which the divergence instability occurs, can be inferred by taking
 = 0 in the reduced eigenvalue problem (2.26). The added-mass and added-damping
matrices then disappear and we obtain
Es Kˆ   Kˆa = 0;
that expresses the equilibrium between the solid elastic-stiness and the uid added-
stiness. For the unimodal projection with mode S1, we obtain that Es = (Kˆa)11=(Kˆ )11 =
(3:74=2:659) 104 = 14065, which compares well with the critical threshold found with
the fully coupled analysis (see second line of table 3). Coming back to gure 19-a, we
observe that the unimodal approximations do not allow to predict the restabilisation
of the steady mode m2 for small rigidity. The unimodal approximation with the free-
vibration mode S2 gives a stable eigenmode in the range of rigidity explored in that
paper (it gets unstable for a rigidity below 100) that has a non-zero frequency for
Es > 6 102, see gure 19-b. Interestingly, the evolution of its growth rate with the
stiness is similar to that of the low-frequency mode m4.
Results of the bimodal quasi-static approximation are reported in gure 19-c-d. The
solid lines depict the leading eigenvalue, which is a real eigenvalue at high rigidity and
a complex eigenvalue at small rigidity, as seen in gure 19-d. First, we now clearly
observe the restabilization of the steady mode, although the critical value of the stiness
coecient is overpredicted by the reduced model. Secondly, when further decreasing
the plate rigidity, the two steady modes merge and form a pair of complex conjugate
eigenvalues that gets unstable, similarly to what was observed (in gure 15) for the
destabilization of mode m4 in the fully coupled eigenvalue problem. The frequencies of
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Figure 19. Comparison of the quasi-static modes found with the fully coupled analysis
(symbols) and the quasi-static analysis (lines). (a,c) Growth-rate and (b,d) frequency of the
modes as a function of the Young modulus Es. Results of the fully-coupled eigenvalue problems
are displayed with symbols  for the steady modes m2 and  for the low-frequency modes m4.
They are compared to results of the quasi-static eigenvalue problems obtained with (a-b) one
free-vibration mode (solid line for S1 and dashed line for S2) and (c-d) two free-vibration modes
(S1 and S2).
these complex conjugate eigenvalues well compare to the low frequencies of modes m4
(green symbols). The prediction of the critical stiness is better for the upper threshold
(destabilisation of steady modes) than for the lower thresholds (restabilisation of steady
modes and destabilisation of low-frequency modes). This can be understood by recalling
that we neglected the steady deformations of the plate (Qs = Qe = 0) when computing
the free-vibration modes used to obtain the reduced eigenvalue problem. In that case,
the dependency of the problem with the stiness only occurs explicitly by means of
the coecient Es in (2.26), while all the coecients of the operators can be computed
independently from this stiness parameter. This assumption greatly simplies the
parametric study but exhibits its limits for small values of the stiness, where the strains
exerted by the steady ow on the plate have a non negligible inuence on the solid
modes.
Note that when the added-mass and added-damping matrices are both neglected, the
thresholds of for the static and low-frequency instabilities are still predicted with fairly
good agreement, but the growth-rate is completely overestimated (by about a factor 20)
as well as the frequency in the low-frequency region. Neglecting only the added-mass
matrix still provides a good prediction of the low-frequency instability, conrming that
added-mass eects have a limited inuence on low-frequency dynamics.
To summarize, the steady instability, that appears at the high-stiness threshold, is
a divergence instability developing when the negative uid-added stiness associated to
the free-vibration mode S1 overcomes the restoring elastic force of the splitter plate.
Thus, it is not the result of a buckling instability that would be provoked by the
compression load exerted by the steady ow, since the latter has been neglected in the
quasi-static analysis. The stabilization of this steady instability, followed by the onset of
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a low-frequency instability when decreasing the plate stiness, clearly results from the
interaction between the free-vibration modes S1 and S2 through the uid.
5.2. Quiescent-fluid analysis of the high-frequency modes
The quasi-static analysis does not allow to capture the coupled modes m1 and m3.
Indeed they correspond to oscillations of the order of the vortex-shedding frequency, as
discussed previously (see gures 15 and 16). Thus, the uid feedback now occurs on a
quicker timescale so that the polynomial expansion (2.20) of the uid resolvent is not
valid. It is still interesting to examine how the solid components and frequency of these
modes compare to the solid vibration modes. The solid components of the coupled modes
m1 and m3, displayed in gure 10 and 14, are close to the solid vibration modes S1 and
S2, respectively (see gure 18). Their frequencies are shown in the left plot of gure
20 as a function of the Young modulus. The symbols correspond to the frequency of
coupled uid-structures modes, the gray area indicating stiness values for which the
coupled modes are unstable. The solid and dashed lines correspond to the frequency of
solid vibration modes S1 and S2 respectively. They evolve as E1=2s and thus appear as
straight lines in the log-log plot. Clearly the frequency of the coupled modes is much
lower than the frequency of the solid vibration modes. For instance, for Es = 1 104, the
frequency of mode m1 is twice smaller than that of the solid vibration mode S1. In fact,
the frequency of modes m3 is closer to that of mode S1, even if its vibration pattern is
closer to that of mode S2. Therefore, a comparison with the deformation and frequencies
of the free-vibration modes is not conclusive and even misleading.
The large dierence between the frequencies of the coupled and solid vibration modes
can be better understood by considering the quiescent-uid stability analysis introduced
in §2.2.1. It simply consists in solving the coupled eigenvalue problem (2.17) for a steady
uid at rest. Two stables modes of frequency similar to modes m1 and m3 have been
identied and are therefore denoted m01 and m
0
3. Their frequencies are reported in the
right plot of gure 20 with the solid and dashed lines. The horizontal dotted line is the
vortex-shedding frequency corresponding to the purely hydrodynamic mode F.
The frequency approximation given by the quiescent-uid modes is much better than
that given by the solid vibration modes. When the coupled mode m1 gets unstable at
high rigidity, its frequency is very well approximated by the frequency of the quiescent-
uid mode m01. The frequency of the quiescent-uid mode m
0
3 also well approximates that
of the coupled mode m3, but before the latter get unstable. This indicates that, before
getting unstable, the frequency of the high-frequency modes m1 and m3 is strongly
aected by the added-mass eect of the uid. On the other hand, we also observe in
the right plot of Figure 20 that, in the region of instability, the frequency of coupled
modes is close to the hydrodynamic frequency (horizontal dotted line), as previously
reported in gure 15-b-c. Therefore, the destabilization of the coupled modes m1 and
m3 can be interpreted as a resonance eect between the quiescent-uid modes and
the hydrodynamics vortex-shedding mode. At the crossing between the oblique and the
dotted lines, the frequency of the quiescent-uid modes correspond to the hydrodynamic
vortex-shedding frequency. The destabilization of the coupled modes clearly occurs close
to these resonant frequencies. A similar scenario was reported by Zhang et al. (2015);
Navrose & Mittal (2016) for the vibration of spring-mounted cylinders in low Reynolds
number ows. The destabilization of a coupled mode occurred when the spring frequency
(proportional to the square root of the spring stiness) is close to the vortex-shedding
frequency of the cylinder ow. The smaller the ratio between the solid and the uid,
the larger the interaction and the resonance region. The present result shows that this
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Figure 20. Frequencies of the high-frequencies modes m1 and m3 as a function of the Young
modulus Es. Frequencies obtained by solving the fully coupled problem are displayed with orange
circles. They are compared in (a) to frequencies of the reduced eigenvalue problem, displayed
with lines, using only one free solid-vibration modes (S1 or S2) and in (b) to frequencies of
the fully-coupled problem with a quiescent uid (solid lines) and the frequency of the purely
hydrodynamic eigenmode problem (dashed line).
resonance scenario can be extended to the interaction of light elastic structures with
wake ows, if the frequency of the elastic modes is corrected by the added-mass eect
(quiescent uid modes). Finally, our result provides a new evidence that, as proposed
by de Langre (2006), the linear mechanism underlying the lock-in of frequencies in
ow-induced vibrations/deformations can be viewed as a coupled mode utter between
hydrodynamic and structural modes.
Conclusion
Using a linearised approach strongly coupling the Navier-Stokes equations to a Saint-
Venant Kirchho solid, the linear stability of a system constituted by a exible splitter
plate attached behind a rigid cylinder has been considered, and compared with non-linear
simulations. When the stiness is reduced, non-linear simulations show that harmonic
ow-induced oscillations appear. Decreasing more the stiness results in harmonic oscil-
lations about a deviated mean position for the splitter plate, while secondary frequencies
appear at even lower rigidities.
The linear stability analysis is able to predict the onset for the ow-induced vibrations,
and results in various types of coupled uid-structure modes, that have been described.
Furthermore, this analysis provides an explanation for the mechanism at the origin of the
deviated oscillations, in terms of a static divergence mode appearing when a negative uid
added stiness compensates the solid restoring stiness. Mechanisms at the origin of the
coupled vibration frequency such as lock-in and added mass have also been characterized
by this means, and emphasize the need for a strongly coupled approach to characterize
properly the modes.
It is observed that several features present in the linear modes are actually conserved
in the non-linear limit-cycles, when one single unstable mode is dominant. When two
modes present about the same growth-rate, other types of analyses such as weakly
non-linear expansions would be mandatory to get a more precise description of the
non-linear evolution of the perturbations. Finally, we also observed that an instability
of the unsteady limit-cycle about the deviated conguration is likely to happen, which
would be worth studying into more details.
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Appendix A. Fluid-structure operators
A.1. Non-linear fluid-solid equations
Three-eld formulation: for qs = (;us), qe = (e;e) and qf = (u; p;), the three-
elds formulation of the ALE uid-structure problem reads
Bs 0 0
0 0 0
0  Bfe(qf ; qe)Bf (qe)

︸ ︷︷ ︸
B(q)
@
@t

qs
qe
qf
 =

As(qs) + Ifs
T qf
 Ae qe + Ies qs
Ifs qs + Af (qf ; qe)

︸ ︷︷ ︸
A(q)

qs
qe
qf
 ;
A.1.1. Solid operators expression
Bs =
(
Ms 0
0 MsMs
)
; As(qs) =
(
Ms us
 EsKs()
)
; If =
00
Is
 ; Ifs =
0 00 0
0 Is

with
h us ;Ms i =
∫

s
  us d

h us ;Ks()i = 1
1 + s
∫

s
F ()
{ s
1  2s tr(E())I +E()
}
:∇ us d

h ; Is i =
∫
 
    d 
A.1.2. Extension operators expression
Ae =
(
G IsT
Ie 0
)
; Ie =
(
0
Is
)
; Ies =
(
0 0
Is 0
)
;
with
h ue ;G ei =
∫

f
h(x)∇e :∇ ue d
〈
 e ; Ie e
〉
=
∫
 
e  e d 
A.1.3. Fluid operators expression
Bf (qf ) =
B(e) 0 00 0 0
0 0 0
 ; Bfe(qf ; qe) =
N(e;u) 00 0
0 0
 ;
Af (qf ; qe) =
 N(e;u)u+ B(e)Tp  2ReD(e)u  IfT B(e)u
 If u
 ;
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with
h u;B(e)ui =
∫

f
J(e)u  u d

h u;N(e;u)wi =
∫

f
∇u(e)w  ud

h u;D(e)ui =
∫

f
D(u; e)(e)
T:∇ ud

h p;B(e)ui =
∫

f
(e)
T :∇u p d

h ; If ui =
∫
 
u   d 
A.2. Linearised fluid-solid equations
Three-eld formulation: for q0s = (
′;u′s), q0e = (′e;′e) and q0f = (u
′; p0;′), the
three-elds formulation of the linearised ALE uid-structure problem reads
Bs 0 0
0 0 0
0  Bfe Bf

︸ ︷︷ ︸
B(Q)
@
@t

q0s
q0e
q0f
=

A0s 0 Ifs
T
Ies  Ae 0
Ifs A0fe A
0
f

︸ ︷︷ ︸
A0(Q)

q0s
q0e
q0f
 ;
and without the solid velocity augmentation (only the solid displacement variable),
Ms 0 0
0 0 0
0 0 0
 @2@t2

′
q0e
q0f
+

0 0 0
0 0 0
 If Bfe Bf
 @@t

′
q0e
q0f
 =

 K 0 0 IfT
Ie  Ae 0
0 A0fe A
0
f


′
q0e
q0f
 with
Linearised solid operator expression:
A0s =
(
0 Ms
 K 0 0
)
with h us ;K 0() ′i =
∫

s
P 0(; ′) : r us d
:
Linearised uid operator expression:
A0f =

 N 0(e;U)  2ReD(e) B(e)
T  IfT
B(e) 0 0
 If 0 0
 ; A0fe =

A0u(e;U ; P ) 0
A0p(e;U) 0
0 0
 ;
where the linearised bilinear advection operator reads N 0(e;U)u′ = N(e;U)u′ +
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N(e;u′)U , and the dierent shape derivative sub-operators write
h u;A0u(e;U ; P ) ′ei =
∫

f
P ′(e; ′e)
T :∇ u d
  
∫

f
∇U ′(e; ′e)U  ud

  2Re
∫

f
[
D0(U ;e; ′e)(e)
T +D(U ;e)
′(e; ′e)
T
]
:∇ u d
;
〈
 p;A0p(e;U) 
′
e
〉
=
∫

f
 p′(e; ′e)
T :∇U d
:
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